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Abstract
We prove two art gallery theorems in which the guards must guard one another in addition to the gallery. A set
G of points (the guards) in a simple closed polygon (the art gallery) is a guarded guard set provided (i) every point
in the polygon is visible to some point in G; and (ii) every point in G is visible to some other point in G. We prove
that a polygon with n sides always has a guarded guard set of cardinality (3n− 1)/7 and that this bound is sharp
(n  5); our result corrects an erroneous formula in the literature. We also use a coloring argument to give an
entirely new proof that the corresponding sharp function for orthogonal polygons is n/3 for n  6; this result
was originally established by induction by Hernández-Peñalver.
 2003 Elsevier B.V. All rights reserved.
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1. Introduction: art gallery theorems
Throughout this paper Pn denotes a simple closed polygon with n sides, together with its interior.
A point x in Pn is visible from the point w provided the line segment wx does not intersect the exterior
of Pn. (Every point in Pn is visible from itself.) The set of points G is a guard set for Pn provided that
for every point x in Pn there exists a point w in G such that x is visible from w. Let g(Pn) denote the
minimum cardinality of a guard set for Pn.
A guard set for Pn gives the positions of stationary guards who can watch over an art gallery with
shape Pn, and g(Pn) is the minimum number of guards needed to prevent theft from the gallery. For each
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integer n 3 define the function
g(n)= max{g(Pn): Pn is a polygon with n sides}.
Thus g(n) equals the minimum number of guards that are sufficient to cover any gallery with n sides.
Chvátal’s celebrated art gallery theorem [1] gives an explicit formula for g(n).
Theorem 1 (Art gallery theorem). For n 3 we have
g(n)=
⌊
n
3
⌋
.
Over the years numerous “art gallery problems” have been proposed and studied with different
restrictions placed on the shape of the galleries or the powers of the guards. (See the monograph by
O’Rourke [10], the survey by Shermer [11], and the recent chapter by Urrutia [12].) For instance, in an
orthogonal polygon Pn each interior angle is 90◦ or 270◦, and thus the sides occur in two perpendicular
orientations, say, horizontal and vertical. An orthogonal polygon must have an even number of sides. For
even n 4 we define
g⊥(n)= max
{
g(Pn): Pn is an orthogonal polygon with n sides
}
.
The orthogonal art gallery theorem of Kahn, Klawe and Kleitman [5] gives a formula for g⊥(n).
Theorem 2 (Orthogonal art gallery theorem). For n 4 we have
g⊥(n)=
⌊
n
4
⌋
.
In this paper we study variations of the art gallery problem in which the guards must guard one another
in addition to the gallery. A set of points G in a polygon Pn is a guarded guard set for Pn provided that
(i) for every point x in Pn there exists a point w in G such that x is visible from w, i.e., G is a guard set
for Pn; and
(ii) for every point w in G there exists a point v in G with v 	=w such that w is visible from v.
In our art gallery scenario a guarded guard set protects the gallery from theft and protects against the
ambush (or untrustworthiness) of an isolated guard. We let gg(Pn) denote the minimum cardinality of
a guarded guard set for the polygon Pn. This parameter was introduced independently by Liaw, Huang
and Lee [6,7], who showed that the computation of gg(Pn) is an NP-hard problem, and by Hernández-
Peñalver [3,4], who studied bounds for gg(Pn).
2. Main theorems: art gallery theorems for guarded guards
In this paper we prove the “guarded” analogues of the classical art gallery theorems stated above. We
provide explicit formulas for the functions
gg(n)= max{gg(Pn): Pn is a polygon with n sides},
gg⊥(n)= max
{
gg(Pn): Pn is an orthogonal polygon with n sides
}
.
The function gg⊥ is only defined for even n 4.
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Consider the polygon P12 in Fig. 1. We see that {x2, x3, x4, x7, x8} is a guarded guard set for P12.
However, there is no guarded guard set of cardinality 4, as three guards are needed to cover the
points x1, x5 and x9, and these three guards cannot all be visible from a single point in P12. Therefore
gg(P12)= 5, and P12 is a counterexample to the formula gg(n)= 2n/5 that appeared in [3,12].
Our first main theorem gives the correct formula for gg(n). (Note that 2/5 = 0.400 < 0.428 . . .= 3/7.)
Theorem 3 (Art gallery theorem for guarded guards). For n 5 we have
gg(n)=
⌊
3n− 1
7
⌋
.
Our second main theorem treats orthogonal polygons and was first established by Hernández-
Peñalver [4] by induction; we give a completely different proof based on a coloring argument in
Sections 7 and 8.
Theorem 4 (Orthogonal art gallery theorem for guarded guards). For n 6 we have
gg⊥(n)=
⌊
n
3
⌋
.
One easily verifies that gg(3) = gg(4) = 2 and that gg⊥(4) = 2 to treat the small values of n not
covered by Theorems 3 and 4.
3. Galleries, graphs and guards
One technique to solve an art gallery problem is to translate the geometric situation to a combinatorial
one by introducing a graph; we recall this technique in this section. Let Pn be a simple polygon
with n sides. In a triangulation or a quadrangulation a set of diagonals partitions Pn into triangles
or quadrilaterals, respectively; the diagonals may intersect only at their endpoints. The edge set in a
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triangulation graph Tn or a quadrangulation graph Qn consists of pairs of consecutive vertices in Pn
(the boundary edges) together with the pairs of vertices joined by diagonals (the interior edges) in a
fixed triangulation or quadrangulation. The vertex set of Tn or Qn is, of course, the set of vertices of the
polygon Pn.
It is well known (see [10], e.g.) that a triangulation graph is 3-colorable, that is, its vertex set
can be partitioned into three color classes such that adjacent vertices occur in different color classes.
A quadrangulation graph Qn is planar, bipartite and has an even number of vertices. The (weak) planar
dual of Qn is a graph with a vertex for each bounded face ofQn,where two vertices are adjacent provided
the corresponding faces share an edge. Note that the planar dual of a quadrangulation graph is a tree.
Let Gn be a triangulation or quadrangulation graph on n vertices. We say that a vertex subset G is a
guard set of Gn provided every bounded face of Gn contains a vertex in G. If, in addition, every vertex in
G occurs in a bounded face with another vertex in G, then G is a guarded guard set for Gn. We let g(Gn)
and gg(Gn) denote the minimum cardinality of a guard set and guarded guard set, respectively, of the
graph Gn. If Gn arises from a triangulation or quadrangulation of a polygon Pn, then g(Gn) g(Pn) and
gg(Gn) gg(Pn). Fig. 2 shows a triangulation graph G12 for the polygon P12 that satisfies gg(G12)= 5.
Fisk’s elegant proof [2] of the art gallery theorem relies on the following result.
Proposition 5 (Fisk). If Tn is a triangulation graph on n vertices, then g(Tn) n/3.
Proof. The graph Tn is 3-colorable, and one color class of vertices has cardinality at most n/3. This
set forms a guard set G for the graph Tn. ✷
The art gallery theorem is a consequence of Proposition 5. For every simple polygon Pn has a
triangulation, and the corresponding triangulation graph Tn has a guard set G with |G|  n/3 by
Proposition 5. Now each triangular face in Tn is convex and hence G is also a guard set for the polygon
Pn. Thus g(Pn) n/3. Polygons with n vertices that require n/3 guards are easy to construct.
We shall carry out a similar strategy to prove Theorem 4. We use a coloring argument in a special
triangulation graph Tn associated with an orthogonal polygon Pn to construct a guarded guard set of
cardinality n/3. Our proof of Theorem 3 is by induction, in the spirit of Chvátal’s original proof of the
art gallery theorem.
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edge [x, y] in Tn−m+2 yields the triangulation T ∗n−m+1.
4. General art galleries: lemmas
Our proof of Theorem 3 relies on several preliminary results. The first appears in O’Rourke’s work [9]
on mobile guards. (Also, see Lemma 3.6 in [10].)
Lemma 6. Let Tn be a triangulation of a polygon Pn with n 10 sides. Then there exists a diagonal of
Tn that separates Pn into two triangulated polygons Tm and Tn−m+2, one of which has m sides, where
m ∈ {6,7,8,9}.
Lemma 6 is illustrated in Fig. 3; it is the analogue of the key step used in Chvátal’s proof of the
art gallery theorem. Our strategy is to use the diagonal guaranteed by Lemma 6 to produce smaller
triangulations in an inductive scheme. We require some facts about triangulation graphs with few vertices.
Lemma 7. Let [x, y] be any boundary edge in a triangulation graph Tm with m vertices.
(a) If m= 6, then {w,x} or {w,y} is a guarded guard set for Tm for some w.
(b) If m= 7, then gg(Tm)= 2.
(c) If m= 8, then {v,w,x} or {v,w,y} is a guarded guard for Tm for some v and w.
(d) If m= 9, then gg(Tm) 3.
Proof. Statement (a) is verified by examining a small number of cases.
Statement (b) is a consequence of (a). For let z be a vertex of degree 2 in T7, and let x and y be the
neighbors of z. Ignore z and apply (a) to the resulting triangulation graph T6 to obtain a guarded guard
set of cardinality 2 of the original triangulation T7. (Also, (b) is equivalent to Lemma 3.7 in [10].)
Statement (c) follows from (b). For we may contract along edge [x, y] of T8 to obtain a triangulation
graph T7, which has a guarded guard set {v,w} of cardinality 2 by (b). Now at least one of the two sets
{v,w,x} and {v,w,y} is a guarded guard set for the original triangulation T8.
Statement (d) follows from (c). For let z be a vertex of degree 2 in T9, and let x and y be the
neighbors of z. Ignore z and apply (c) to the resulting triangulation graph T8 to obtain a guarded guard
set of cardinality 3 for the original triangulation T9. (It may also happen that two guarded guards suffice
for T9.) ✷
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5. Sufficiency of (3n− 1)/7 guarded guards: an induction
We are ready to prove Theorem 3. In this section we prove that (3n− 1)/7 guarded guards suffice
to cover a polygon with n sides. In the next section we construct polygons that require (3n − 1)/7
guarded guards.
Theorem 8. If Tn is a triangulation graph on n vertices (n 5), then
gg(Tn)
⌊
3n− 1
7
⌋
.
Proof. We induct on n. The result is easily verified for n= 5, and holds for 6 n 9 by Lemma 7. Let
Tn be a triangulation graph on n vertices (n 10). By Lemma 6 there exists an edge [x, y] that separates
Tn into two triangulation graphs Tm and Tn−m+2, where m ∈ {6,7,8,9}. Clearly,
gg(Tn) gg(Tn−m+2)+ gg(Tm). (1)
For convenience we define Φ(n)= (3n− 1)/7.
Now for m = 7 the inductive hypothesis, Lemma 7(b), and (1) imply that gg(Tn)  gg(Tn−5) +
gg(T7)Φ(n− 5)+ 2Φ(n). A similar argument holds for m= 9.
For m ∈ {6,8} let T ∗n−m+1 be the triangulation graph on n −m+ 1 vertices obtained by contracting
along edge [x, y] of Tn−m+2. We adopt the convention that the vertex in T ∗n−m+1 formed by the
identification of x and y retains the label x. (See Fig. 3(b).) We construct a guarded guard set G for
Tn by selecting a subset of {x, y} together with suitable vertices in Tm and T ∗n−m+2. In our inductive
scheme it is advantageous to use x or y in G, as these vertices occur in both Tn−m and Tn−m+2.
Case 1: m = 6. Let w be the vertex in T6 guaranteed by Lemma 7(a). Without loss of generality
{w,y} is a guarded guard set for T6. By induction there is a guarded guard set G∗ for T ∗n−5 with|G∗|  Φ(n − 5). It is not difficult to see that G = G∗ ∪ {w,y} is a guarded guard set for Tn, and
|G| |G∗| + 2Φ(n− 5)+ 2Φ(n).
Case 2: m= 8. Let v and w be the vertices in T8 guaranteed by Lemma 7(c). Without loss of generality
{v,w,y} is a guarded guard set for T8. By induction there is a guarded guard set G∗ for T ∗n−7 with|G∗|  Φ(n − 7). It is not difficult to see that G = G∗ ∪ {v,w,y} is a guarded guard set for Tn, and
|G| |G∗| + 3Φ(n− 7)+ 3 =Φ(n).
In all cases gg(Tn) (3n− 1)/7). ✷
6. Necessity of (3n− 1)/7 guarded guards: a construction
Every polygon has a triangulation, and thus Theorem 8 gives us the upper bound gg(n) (3n−1)/7
for n 5. We complete the proof of Theorem 3 in this section by constructing a polygon Pn that requires
(3n− 1)/7 guarded guards. Recall that we have defined Φ(n)= (3n− 1)/7. It suffices to treat the
cases n ≡ 1,3,5 (mod 7), as these are the critical values for which Φ(n) > Φ(n− 1); we may always
add one or two vertices to our polygons to deal with n≡ 0,2,4,6 (mod 7).
Fig. 4 exhibits our polygon Pn for n = 5,8,10. In Fig. 5 we construct Pn from Pn−7 by adjoining a
special decagon P ′10 with vertices x′0, x′1, . . . , x′7, x1, x2 on side x1x2 with a suitable orientation. At each
stage the polygon Pn has several key properties:
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Fig. 5. Construction of a polygon Pn that requires (3n− 1)/7 guarded guards.
(i) Segments x′1x′2 and x1x2 are congruent and parallel.
(ii) The angles 	 x′1x′2x′3 and 	 x1x2x′0 are supplementary.
(iii) The line through x′3 and x′4 intersects the interior of segment x′0x′1.
(iv) No point in Pn is simultaneously visible from any two of x2, x′2 and x′6.
Properties (i) and (ii) guarantee that the construction is feasible at each stage, while (iii) and (iv) are
essential in our proof of the following result, which will complete the proof of Theorem 3.
Lemma 9. Any guarded guard set for the polygon Pn defined inductively in Figs. 4 and 5 has cardinality
at least (3n− 1)/7 for n 5.
Proof. We induct on n. Fig. 4 displays suitable polygons for our base cases with n = 5,8,10. Now
assume that n 12 and that the lemma holds for polygons with at most n− 7 sides. Let Gn = Gn−7 ∪ G′
be a guarded guard set for Pn, where Gn−7 = Gn ∩Pn−7 consists of the points of Gn in the closed polygon
Pn−7, and G′ consists of the points in the decagon P ′10, excluding segment x1x2. Thus
|Gn| = |Gn−7| + |G′|. (2)
Claim 1: |G′| 3.
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Reason. There exist distinct points w′2 and w′6 in G′ from which points x′2 and x′6, respectively, are
visible. Moreover, there exist (not necessarily distinct) points w′ and w′′ in Gn from which w′2 and w′6,
respectively, are visible, and we must have w′ ∈ G′.
Claim 2: |Gn−7|Φ(n− 7)− 1.
Reason. First observe that if a point x in Pn−7 is visible from a point in P ′10, then x is also visible
from both x3 and x1. Now points on segment x3x4 that are near x3 are visible from no point in P ′10 and
hence must be visible from some point w in Gn−7. Also, x3 is visible from w. It follows that Gn−7 ∪ {z}
is a guarded guard set for Pn−7, where z = x3 if x3 /∈ Gn−7, and z = x1 if x3 ∈ Gn−7. By the induction
hypothesis |Gn−7 ∪ {z}|Φ(n− 7), which establishes the claim.
If |G′| 4, then |Gn| Φ(n) by Claim 2 and (2). The only case left is |G′| = 3. Then we must have
w′ = w′′ in the proof of Claim 1, and thus G′ = {w′2,w′6,w′}. Points on segment x3x2 near x3 are not
visible from any point in G′, and hence there is a point w ∈ Gn−7 from which such points are visible.
Now the set Gn−7 − {w} ∪ {z} is a guarded guard set for Pn−7, where z is defined as in the proof of
Claim 2. Thus |Gn−7|Φ(n− 7), and |Gn|Φ(n) follows from (2). ✷
7. Orthogonal art galleries
Our proof of Theorem 4 relies on the following result, which was the key ingredient in the original
proof [5] of the orthogonal art gallery theorem.
Proposition 10 (Kahn et al. [5]). Every orthogonal polygon has a quadrangulation in which every
bounded face is a convex quadrilateral.
We now state the graph-theoretic version of Theorem 4; this result is analogous to Fisk’s result,
Proposition 5.
Theorem 11. If Qn is a quadrangulation graph on n vertices (n 6), then
gg(Qn)
⌊
n
3
⌋
.
The proof of Theorem 11 constitutes Section 8. We first show that the above results imply the
orthogonal art gallery theorem for guarded guards.
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Proof of Theorem 4. Let Pn be an orthogonal polygon with n sides, and let Qn be the quadrangulation
graph for the convex quadrangulation of Pn guaranteed by Proposition 10. Apply Theorem 11 to obtain
a guarded guard set G for Qn with |G| n/3. The convexity of the quadrilaterals implies that G is also
a guarded guard set for the polygon Pn. Thus gg(Pn) n/3 and gg⊥(n) n/3.
Hernández-Peñalver [4] observed that the orthogonal gallery Pn in Fig. 6 has n sides (n  6) and
satisfies gg⊥(Pn) = n/3; each “wave” requires two guarded guards. The full gallery is used for
n≡ 0 (mod 6), while the dashed lines indicate boundaries for n≡ 2,4 (mod 6). Thus gg⊥(n) n/3.
Therefore gg⊥(n)= n/3. ✷
8. The proof of Theorem 11
We construct a set G of vertices in Qn that satisfies:
(i) |G| n/3;
(ii) every quadrilateral of Qn contains a vertex of G;
(iii) every vertex in G is contained in a quadrilateral with another vertex in G.
Here is our strategy.
• We triangulate Qn by inserting a designated diagonal in each bounded face to obtain a triangulation
graph Tn with special properties.
• We know there is a 3-coloring of the vertices of Tn. The color class of minimum cardinality gives a
set of vertices G′ that satisfies conditions (i) and (ii).
• We shift some vertices of G′ along edges of Tn to obtain a set G that satisfies condition (iii).
The proof is illustrated in Fig. 7.
Triangulate. The quadrangulation graph Qn and its planar dual are bipartite, and hence there is a partition
V = V + ∪ V −, of the vertex set and a partition F+ ∪ F− of the face set. Each edge of Qn joins a vertex
in V + and a vertex in V −, and each face f of Qn contains two vertices in V + and two vertices in V −. If
f ∈ F+, then we join the two vertices of f in V + by an edge, while if f ∈ F−, we join the two vertices
of f in V − by an edge. The resulting graph is our triangulation Tn. Fig. 7(b) illustrates the construction
of Tn.
Let Ediag denote the set of edges added to Qn by inserting a diagonal in each face in our triangulation
process. Thus our triangulation graph is Tn = (V ,E ∪Ediag). Our proof hinges on two properties of Tn.
Property 1. Suppose that two edges [w,v] and [w,u] in Ediag meet at vertex w in Tn. Then the two faces
of Qn that contain the diagonals [w,v] and [w,u] do not share an edge. This is a direct consequence of
the manner in which we defined the edges in Tn.
Property 2. Suppose that vertex y has degree 3 in Tn. Then two of the edges incident with y are boundary
edges, and the third edge, [y, y∗] say, is in Ediag, that is, [y, y∗] was inserted during the triangulation
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(b) The triangulation graph Tn and a 3-coloring. (c) The guard set G′; guards in G′ at vertices of degree 3 are shifted along the
indicated edges. (d) The final guarded guard set G of Qn.
process. Also, y is in exactly one quadrilateral in Qn. For the only alternative is that [y, y∗] separates
two quadrilaterals in Qn. But then one of these two quadrilaterals would give rise to a fourth edge at y
during the triangulation process.
3-coloring. There is a 3-coloring of the vertices of the triangulation graph Tn. Let G′ be a color class with
minimum cardinality. Then |G′| n/3; condition (ii) also holds. However, condition (iii) may fail, as
in Fig. 7(c).
Shift. Let Y denote the set of vertices in G′ with degree 3 in Tn, and let X be the complement of Y in
G′. By Property 2 for each y ∈ Y there is a unique “conjugate” vertex y∗ such that [y, y∗] ∈ Ediag. Let
Y ∗ = {y∗: y ∈ Y } and define the set G =X ∪ Y ∗.
We have altered G′ by shifting each vertex in Y along an edge in Ediag to produce the set G. (See
Fig. 7(c) and (d).) We claim that G satisfies conditions (i)–(iii). Note that
|G| = |X ∪ Y ∗| |X| + |Y ∗| |X| + |Y | = |G′|
⌊
n
3
⌋
,
and so (i) holds. Also, each triangle of Tn (and hence each quadrilateral of Qn) contains a vertex in G. By
Property 2 the shifting merely replaces a vertex y ∈ Y by another vertex y∗ in the unique quadrilateral
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that contains y. Thus (ii) holds. It remains to verify (iii). Let w be a vertex in G. We must show that w is
in a quadrilateral face with another vertex of G. There are two cases.
Case 1: w ∈ X. Then w is contained in a quadrilateral f of Qn with a diagonal edge in Ediag that is
not incident with w. Let w be the vertex opposite w in f. Then w is the same color as w, and hence
w ∈ G′. Also, w cannot have degree 3 in Tn, and thus w ∈ X ⊆ G. Thus w and w are in G and in the
quadrilateral f.
Case 2: w ∈ Y ∗. Then w = y∗ for some vertex y of degree 3 in Tn, and Property 2 tells us that
[y,w] = [y, y∗] ∈ Ediag, and that [y, y∗] is in exactly one quadrilateral face, say f1 = {x, y, z, y∗ = w}
of Qn. Also, both [y, x] and [y, z] are boundary edges of Qn, and one of the two edges [y∗, x] and
[y∗, z] must be an interior edge in Qn, as n 6. Without loss of generality [y∗, x] is an interior edge and
f2 = {x,u, v, y∗} is a quadrilateral of Qn. (See Fig. 8.)
We claim that either v ∈ G or x ∈ G, which will complete the proof, as v and x are both in the face
f2 with y∗ = w. Because f1 and f2 share an edge and [y, y∗] ∈ Ediag, we know that [v, x] ∈ Ediag by
Property 1. Now vertex v must be the same color as y in our 3-coloring of Tn. Hence v ∈ G′ =X ∪ Y. If
v ∈X, then v ∈ G, and the claim holds. On the other hand, if v ∈ Y, then v∗ = x ∈ G, and the claim still
holds. Thus condition (iii) is satisfied. ✷
9. Coda
We close by mentioning an extension of Theorem 4 and posing a research problem. Let gg⊥(Pn, k)
denote the minimum number of guards needed to guard the orthogonal polygon Pn so that each guard is
visible to at least k other guards—for added security, say. Let
gg⊥(n, k)= max
{
gg⊥(Pn, k): Pn is an orthogonal polygon with n sides
}
.
In [8] we establish the following result.
Proposition 12. For k  1 and n 6 we have
gg⊥(n, k)= k
⌊
n
6
⌋
+
⌊
n+ 2
6
⌋
.
Theorem 4 serves as the crucial case k = 1 in the proof of Proposition 12.
Finally, it would interesting to establish the art gallery theorem for guarded guards by means of a
coloring argument similar to Fisk’s proof of the art gallery theorem and our proof of Theorem 4.
Research Problem. Find a coloring argument to prove the art gallery theorem for guarded guards,
Theorem 3.
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